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Abstract Let P  be the set of all prime numbers, 1 2, , , mq q q  P , kp  be the k-th 
),2,1( mk   element of P  in ascending order of size, 
1 2, , , m    be positive 
integers, and 
1 2, , , m    is a permutation of 1 2, , , m    with 1 ≥ 2 ≥ ≥ m , 
The following results are given in this paper:  
(i)   The following inequality is true 
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lim( log log
m
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( ))n  0 . 
Where { }k  is a sequence, k  , 1 ≥ 2 ≥ ≥ 1m  ≥ m . 
(iii) The probability of Riemann's hypothesis being true is equal to 1.  
(iv)  If lim ( ) 0m
m
n

  and there exist positive constant integers 0,A K , A ≥
0K
 ≥
0 1K
  ≥ ≥ 1m  ≥ m ,  then  
lim( log log
m
e n n

( ))n  0 . 
     If lim ( ) 0m
m
n

 , then there exist positive integers 1 2, , , ( )sK K K s m ,  
such that     
     ( 1,2, , )i iK i s    and lim 0
m
K
m
 . Where 1 2min{ , , , }sK K K K , 
     ( )
d n
n d  , and   is the Euler constant. 
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1 Introduction and main results 
   The Riemann hypothesis [1] (RH) states that the non-real zeros of the Riemann 
zeta function ( )s 
1
s
n
n



  are on the line at ( )s   1/2. Robin [2] pointed out that, 
if the RH is true, then ( )n ≤ log loge n n  hold for all n≥5041,  and   is 
Euler’s constant. Conversely, If the RH is false, then there exist constants 1
2
0    
and 0C  , such that 
( )n ≥
log log
log log
(log )
Cn n
e n n
n


  
for infinite number of natural numbers n .  
In 2007, Marek Wójtowicz [3] proved that, there is a subset W  of  of 
asymptotic density 1 such that 
,
lim ( ) 0
n n W
k n
 
 , where stands for the set of 
positive integers, and 
( )
( ) , ( 2)
log log
n
k n n
e n n

  .  
Zhu [4-5] proved the following inequality:  
 
1
lim (exp ) log ( )n n
n
H H n
n


 ≥0 . 
Solé and Zhu [6] proved the following conclusion: 
1
lim inf log log ( ) 0
n
e n n
n
 

 
  
 
. 
Further, let ( ) log log ( )D n e n n n   , we have the following limits when n ranges 
over Colossally Abundant Numbers [6]. 
 If RH is false, then  lim inf ( )
n
D n

  . 
 If RH holds, then either lim ( )
n
D n

  , or lim inf ( )
n
D n

 is finite and ≥0 . 
In fact, according to this conclusion and the Robin criterion for RH, the necessary and 
sufficient condition for RH being true is that 
lim ( ) lim( loglog ( ))
n n
D n e n n n 
 
  ≥0 . 
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    In this paper, our purpose is to further study the asymptotic property of Robin’s 
inequality, and prove that the probability of RH being true is equal to 1. 
   1.1  Notations 
For the convenience of the statement, we firstly give some notations. 
Notation 1 Denote a sequence of prime numbers by ( 1,2, , )kq k m  with 
1 2 mq q q   . 
Notation 2  Denote by P  the set of all prime numbers and let kp  be the k-th 
),2,1( mk   element of P  in ascending order of size. 
1.2 Main results 
The main results of the present paper are as follows. 
Theorem 1 Let k  be a positive integer, 1,2, , ,k m  and 1 2, , , m    is a 
permutation of 1 2, , , m    with 1 ≥ 2 ≥ ≥ m , then we have 
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Note 1 For any sufficiently large natural number 
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we only need to prove inequality 
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 . According to the Robin criterion for RH and the results in [6], we 
only need to study inequality  
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Theorem 2  Let  { }k  be a sequence, k  , 1 ≥ 2 ≥ ≥ 1m  ≥ m .,  
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 , P  be the set of all prime numbers, kp  be the k-th 
),2,1( mk   element of P  in ascending order of size. If lim ( ) 0m
n
n

 or 
lim ( )m
n
n

  , then  
                     lim( loglog ( ))
n
e n n n 

   .                (1.2) 
According to Theorem 1-2, we have 
Inference 1 There exists a positive constant A , such that for all natural numbers 
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

  with 2≤ k  , 1, 2, ,k m , if n≥ A , then ( ) 0D n  .      
Theorem 3 The probability of RH being true is equal to 1. 
Theorem 4  Let  { }k  be a sequence, k  , 1 ≥ 2 ≥ ≥ 1m  ≥ m ,  
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 , P  be the set of all prime numbers, and kp  be the k-th 
),2,1( mk   element of P  in ascending order of size. 
(1)  If lim ( ) 0m
n
n

  and there exist positive constant integers 0, ,A K  such 
that  A≥
0K
 ≥
0 1K
  ≥ ≥ 1m  ≥ m ,  then  
lim( loglog
n
e n n

( ))n  0 . 
(2) If lim ( ) 0m
n
n

 , then there exist positive integers 1 2, , , ( )sK K K s m ,  
such that ( 1,2, , )i iK i s    and lim 0
n
K
m
 , where 1 2min{ , , , }sK K K K . 
According to Theorem 1 and (1) in the Theorem 4, we have  
Inference 2 There exists a positive constant A , for all natural numbers 
1 2 mn q q q , if n≥ A , then log log ( ) 0e n n n
   .  
Conjecture Let  { }k  be a sequence, k  , 1 ≥ 2 ≥ ≥ 1m  ≥ m ,  
 5 
1
k
m
k
k
n p



1 ( )
1
m nm
k
k
p


 
  
 
 , P  be the set of all prime numbers, and kp  be the k-th 
),2,1( mk   element of P  in ascending order of size. 
If lim ( ) 0m
n
n
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 , then lim( loglog
n
e n n

( ))n  0 . 
If this conjecture is proved, then RH is also proved to be true. 
1.3  Organization of article 
We first give several important lemmas in Section 2. The proofs of main results 
are presented in Section 3. The proofs of lemmas are in Section 4. 
2  Lemmas 
In the following, we will give six lemmas as preliminaries for the proofs of 
Theorem 1~4.  
For the convenience of statement, we appoint that the natural numbers are 
nonzero and  denotes the set of all natural numbers.  
 Lemma 2.1  Let    
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 with k  , 1, 2, ,k m . Then the minimum of  1 2( , , , )mf q q q  is  
1 2min ( , , , )mf q q q  1 2( , , , )mf p p p  (2,3,5, , )mf p . 
     Lemma 2.2([7, 8]) Let 
1
( ) log
m
m k
k
p p

 ,  if 10544111mp  , then 
0.998684 mp  ( )mp 1.001102 mp .                (2.1) 
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We have the following Lemma 2.5: 
Lemma 2.3   Let { }k  be a sequence, k  , and 1 ≥ 2 ≥ ≥ 1m  ≥
m , 
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 , then there exists constant 0a  , such that lim ( ) 2 0m
m
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
  .  
Lemma 2.4 The following inequality holds: 
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Lemma 2.5([9]) 
log log
{log log log 1 ( )}
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k
p k k k O
k
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     Lemma 2.6[6] We have the following limits when n ranges over Colossally 
Abundant Numbers. 
 If RH is false, then  lim inf ( )
n
D n

  . 
 If RH holds, then either lim ( )
n
D n

  , or lim inf ( )
n
D n

 is finite and ≥0 . 
3  Proofs of Theorems 
3.1  Proof of Theorem 1 
To prove Theorem 1, the following propositions are required. 
Proposition 3.1 If 1≤≤  , 1≤a≤b , then   
1 1
1 1
a b 
  
   
  
≤
1 1
1 1
a b 
  
   
  
.            (3.1) 
Proof  Since 1≤≤  , 1≤a≤b , (3.1) is equivalent to 
1
1 1
1 1
a a 

  
   
  
≤
1
1 1
1 1
b b 

  
   
  
.         (3.2) 
Let  
1
1 1
( ) 1 1v x
x x 

  
    
  
 ( 1)x  . 
 7 
We will prove ( )v x  is a monotonically increasing function. Since 
1 2
1 1
1 1 1
( ) 1 1 1v x
x x x x x    
 
 
 
    
         
    
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1
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1 x x
x x
 
  
   

 
 
     
 
,  
and  
1x  , 1≤≤  , 
2
1
1 1
1 0
x x  

 
 
  
 
,  
the proof of ( )v x ≥0  is equivalent to proving that x x        is 
non-negative. 
Let ( )w x x x        . Then 
1 1( ) ( )w x x x      . 
Since 
x≥1, and 1≤≤  , 1 1( ) ( )w x x x      ≥0 , 
which shows that ( )w x  is a monotonically increasing function in [1, ) . In 
addition, ( )w x  is continuous at 1x  . Therefore, we can conclude that for x≥1, 
( )w x ≥ (1) 0w  . 
Hence x x       ≥0 . Furthermore, ( )v x ≥0 , ( )v x  is a monotonically 
increasing function. (3.1) and (3.2) are proved.  
According to Proposition 3.1, the following inequality is obvious, 
1 1
1 1
1 1
a b  
  
   
  
≤
1 1
1 1
1 1
a b  
  
   
  
,       (3.3) 
with 1≤≤   and 1≤a≤b . 
According to (3.3), 
1 1
1 1
1 1ab
a b  
  
   
  
≤
1 1
1 1
1 1ab
a b  
  
   
  
,  
namely 
1 1
a b
a b 
  
   
  
≤
1 1
a b
a b 
  
   
  
.       (3.4) 
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Consequently, we have 
Proposition 3.2 Let i ≥ 1 ( 1,2, , )i m , 11 q ≤ 2q ≤ ≤ mq , 
1 2, , , m    be a permutation of 1 2, , , m   , and 1 ≥ 2 ≥ ≥ m . Then 
1
1
i
m
i
i i
q
q


 
 
 
 ≤
1
1
i
m
i
i i
q
q


 
 
 
 .           (3.5) 
Proof For 2m , according to (3.4), this proposition is true. Assume the 
proposition holds for (m k k ≥ 2) . Then for 1m k  , let 1 1 2max{ , , ,    
1}k   r (1≤ r ≤ 1)k  . We will prove the proposition 3.2 in two cases：① 
1 1  ,  ② 1 1  . 
 ①  If 1 1  , then 1 r  , 2≤ r ≤ 1k  .  According to (3.4), 
1
1
1
1 2 1,1
1 1 1 1
i ir
k
i r i
i i k i ri r i
q q q q
q q q q
  

    
     
         
     
   
                   ≤
1
1
2 1,1
1 1 1
ir
r i
i k i rr i
q q q
q q q
 
   
   
     
    
  
1 1
1
2 1,1
1 1 1
i
r i
i k i rr i
q q q
q q q
 
   
     
        
      
 .      (3.6) 
According to the assumption of m k , 
1
2 1,
1 1
i
r i
i k i rr i
q q
q q

   
  
   
   
 ≤
1
2
1
i
k
i
i i
q
q



 
 
 
 .      (3.7) 
 By (3.6) and (3.7), 
1
1
1
i
k
i
i i
q
q



 
 
 
 ≤
1
1
1
i
k
i
i i
q
q



 
 
 
 . 
 ②  If 1 1  , according to the assumption for m k , i.e., 
1
2
1
i
k
i
i i
q
q



 
 
 
 ≤
1
2
1
i
k
i
i i
q
q



 
 
 
 .         (3.8) 
By (3.8), 
1
1 1
1
1 21
1 1 1
i i
k k
i i
i ii i
q q q
q q q
 
 
 
    
       
    
 
1
1
1
21
1 1
i
k
i
i i
q q
q q



  
    
   
  
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≤
1
1 1
1
2 11
1 1 1
i i
k k
i i
i ii i
q q q
q q q
 
 
 
    
       
     
  . 
To conclude, the proposition is true for 1m k  . It is proved by the principle of 
mathematical induction.  
Proposition 3.3 If 1≤≤  , 1≤a≤b , then 
a b  ≥ a b  . 
Proof  From a  ≤b  , a b  ≥ a b  .  
    From Proposition 3.3 and the principle of mathematical induction, we can prove 
the following conclusion: 
Proposition 3.4  Let i ≥ 1 ( 1,2, , )i m , 11 q ≤ 2q ≤ ≤ mq , 
1 2, , , m    be a permutation of 1 2, , , m   , and 1 ≥ 2 ≥ ≥ m . Then 
                                
1
k
m
k
k
q


 ≥
1
k
m
k
k
q


 .               (3.9) 
Proof 1m  is a trivial case. For 2m , the proposition is true according to 
Proposition 3.3. Assume the proposition is true for m t ≥ 2 . Then for 1m t  , let 
1
1 1
min { }t k
k t
 
  
  j (1 ≤ j ≤ 1)t  . If 1j t  , according to Proposition 3.3, 
1
1
j t
j tq q
  
 ≥
1 1 1
1 1
jt t t
j t j tq q q q
    
  ,  
1
1
1
1 , 1
jk t k
t
k j t k
k k j t
q q q q
  


  
   
≥ 1 11
, 1
t t k
j t k
k j t
q q q
   

 
 1 11
, 1
t t k
t j k
k j t
q q q
   

 
 
  
 
 . 
Using the induction hypothesis when m t , i.e., 
1
, 1
t k
j k
k j t
q q
 
 
 ≥
1
k
t
k
k
q


 ,  
(3.9) holds. Thus 
1
1
k
t
k
k
q



 ≥ 1 11
, 1
t t k
t j k
k j t
q q q
   

 
 
 
 
 ≥ 1
1
1
1 1
=t k k
t t
t k k
k k
q q q
  


 
  . 
Hence, (3.9) holds for 1j t  .  
If = 1j t  , then 1 1
1 1
min { }t k t
k t
   
  
  , according to the induction hypothesis 
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when m t , 
1
k
t
k
k
q


 ≥
1
k
t
k
k
q


 , 
then  
1
1
1
1 1
k t k
t t
k t k
k k
q q q
  


 
  ≥ 11
1
t k
t
t k
k
q q
 


  
1
1
1
1 1
t k k
t t
t k k
k k
q q q
  


 
   . 
Since 1 1
1 1
min { }t k t
k t
   
  
  ,  
1 ≥ 2 ≥ ≥ t ≥ 1t  , and 1 2 +1, , , ,t t     is a 
permutation of 1 2 1, , , ,t t     . Hence, (3.9) holds for = 1j t  . The proposition is 
true for 1m t  . From the principle of mathematical induction, the proposition is 
true.  
Now, the proof of theorem 1 can be given as follows: 
Proof of Theorem 1  According to (3.9), we have 
                    
1
log log k
m
k
k
e q


 ≥
1
log log k
m
k
k
e q


 .       (3.10) 
According to (3.5), 
1
1
1
k
km
k
k k
q
q
q





1 1
1 1
1 k
m m
k
k kk k
q
q q

 
   
    
   
   
≤
1 1
1 1
1 k
m m
k
k kk k
q
q q

 
   
   
   
 
1
1
1
k
km
k
k k
q
q
q





 .         (3.11) 
By (3.10) and (3.11),  
1
1 1
log log
1
k
kk
m m
k q
k
k k k
q
e q
q


 



  ≥
1
1 1
log log
1
k
kk
m m
k q
k
k k k
q
e q
q


 



  .   (3.12) 
According to Lemma 2.1,  
1
1 1
log log
1
k
kk
m m
k q
k
k k k
q
e q
q


 



  ≥
1
1 1
log log
1
k
kk
m m
k p
k
k k k
p
e p
p


 



  .   (3.13) 
Thus (1.1) is true by (3.12) and (3.13).  
 
 
3.2  Proof of Theorem 2 
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Proof of Theorem 2   
Since 
1 ( )
1 1
m
k
k
n
m m
k
k k
n p p



 
 
   
 
  , 1 ≥ 2 ≥ ≥ m ≥1, if m  is finite, then 
there exists 
0N  , such that 0m N . When n , then ( )m n   (from 
0
1
N
k
k
p

  is finite) and log loge n  . Since 0N  is a positive constant, m  is 
finite,  
0
1
1
2 2
1
k
k
m k q Nm
k k
q
q



 

 . 
Hence, 
 
1
lim log log ( )
n
e n n n
n
 

  
1
1
1
lim log log
1
k
k
m
k q
n
k k
q
e n n n
n q




 
  
 
 
  
≥  0lim log(log ) 2N
n
e n

   . 
namely, 
lim ( loglog ( ))
n
e n n n 

   . 
That is (1.2) is proved under the assumption of 0m N . 
     Now we need to consider the m  case. According to Lemma 2.3, there 
exists constant 0a  , such that lim ( )m
m
n

≥2 0a  .  
In addition,  
1
log log k
m
k
k
e p



1 ( )
1
log log
m nm
k
k
e p




 
  
 
  
1
log(1 ( )) log log
m
m k
k
e n e p 

    , 
namely 
 
1
log log ( )e n n n
n
   
≥
1
1 1
log log
1
k
kk
m m
k p
k
k k k
p
e p
p


 

 

   
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1
1 1
log(1 ( )) log log
1
k
k
m m
k p
m k
k k k
p
e n e p
p

 
 
 
    
 
  . 
When m , according to Lemma 2.3 and 2.4, 
        
1
lim log log ( )
n
e n n n
n
 

  
1
1 1
lim log log
1
k
kk
m m
k p
k
m
k k k
p
e p
p



 
 
  
 
 
   
lim log(1 ( ))m
m
e n 

 
1
1 1
log log
1
k
k
m m
k p
k
k k k
p
e p
p


 
  
     
   
lim log(1 ( ))m
m
e n 

 
1
1 1
lim log log
1
k
k
m m
k p
k
m
k k k
p
e p
p



 
  
      
   
≥ log(1 2 ) 0 log(1 ) 0e a e a      . 
That is 
lim ( loglog ( ))
n
e n n n 

  ≥ lim log(1 )
n
ne a

   . 
Thus (1.2) holds. 
In summary, when lim ( ) 0m
n
n

  or lim ( )m
n
n

  , then  
lim ( loglog ( ))
n
e n n n 

   .  
    Proof of inference 1 since k ≥ 2, 1,2, ,k m , ( )m n ≥1 , lim ( )m
n
n

≥1 , 
according to Theorem 1 and Theorem 2 , we have lim ( loglog ( ))
n
e n n n 

   , 
namely there exists a positive constant A , such that for all natural number, if n≥ A , 
then ( ) log log ( ) 0D n e n n n    .       
3.3  Proof of Theorem 3  
  Proof of Theorem 3 Let 1 2 1 2
1
( , , , , , , , )k
m
k m m
k
n q q q q P
   

   , by 
Theorem 1, we only need to consider 
1
k
m
k
k
n p


  
1 ( )
1
m nm
k
k
p


 
  
 
 , k  , 1 ≥
2 ≥ ≥ m , therefore 
1
1 1
( ) log log 1k
m m
m k k
k k
n p p


 
  
   
  
   and ( ) 0m n  . If 
 13 
( ) [0,1]m n   then for 
1
, ( )k
m
t
t k
k
n p t


  ,  
                 
1
1 1
( ) log log 1k
m m
t
m t k k
k k
n p p



 
  
   
  
   
                       
1
1 1 1
log log log 1k
m m m
t
k k k
k k k
p p p


  
  
    
  
    
                       
1
1 1
log log 1 ( )k
m m
k k m
k k
t p p t n
 

 
  
      
  
  . 
( )m tn  ( ) [ , 1]mt n t t   . Similarly, if ( ) [ , 1]m n t t    ( )t , then for 
1
k
m
t
t k
k
n p
 


 , ( )m tn   ( ) [0,1]m n t   ,  since t  is arbitrary, ( )m n  distributes 
evenly in every interval [ , 1]( 0,1,2, )t t t  . According to Theorem 2, if 
lim ( ) 0m
n
n

  or lim ( )m
n
n

  ,  then  
 lim log log ( )
n
e n n n 

   , 
hence, if  lim log log ( ) 0
n
e n n n 

  , then lim ( ) 0m
n
n

 . According to 
lim ( ) 0m
m
n

  and Lemma 2.6, the probability that RH being true is equal to 1.  
    Note 2: An event with a probability equal to 1 is not necessarily an inevitable 
event. According to Theorem 2 and Lemma 2.6, when lim ( ) 0m
m
n

 , (1.2) hold, then 
RH is true. Theorem 4 discusses the asymptotic property of Robin inequality when 
lim ( ) 0m
m
n

 . 
3.4  Proof of Theorem 4 
  
   (1)  Let 
1
1 1
( ) log log
1
xk
kk
m m
k px
k
k k k
p
R x e p
p


 

 

  , [1,2]x  
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 1
 1
11
log
( )
1 1
k
k
k
x
m mk p k k
x
kk k k
p pe
R x
x p p





 
 
    
  
 
  
 
0 0
0
0
1
 1
1
log
11
k
k
K
x
m k pK K
x
k kN
pp
e
pp







 

  
≤
 
0
0
1
1
1
log
1 1
k
k
x
m k pK
Ax
kK k
pp
e
p p






 
  
≤ 0
0
1
1
1
log
1 1
km
K k
Ax
kK k
p
p p
e
p p





 
 0
0
1
1
log 1
1
m
K k
Ax
kK k
p p
e
p p



 
   
  
 .       
But 
1
1
lim
m
k
m
k k
p
p 
 
  
 
 , hence 
0
0
1
1
log 1
lim
1
m
K k
Axm
kK k
p p
e
p p



  
    
   
 . 
Namely lim ( )
m
R x

   , then there exists a positive integer N , when m N , 
we have (1) (2)R R . Thus for m N ,  
1
1 1
(1) log log
1
k
kk
m m
k p
k
k k k
p
R e p
p


 

 

   
 
2
12
1 1
(2) log log
1
k
kk
m m k p
k
k k k
p
R e p
p


 
 
   
 
   
2
1
2
1 1
log log
1
k
kk
m m
k p
k
k k k
p
e p
p


 

 

  . 
Let 2k k  , then k ≥ 2  ( 1,2, , )k m . For a natural number 
2
1
k
m
k
k
n n p


  , 
since k ≥ 2 , ( ) 1 0m n    by Theorem 2, 
                
1
lim (2) lim log log ( )
n n
R e n n n
n
 
 
   
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2
1
2
1 1
lim( log log ) 0
1
k
kk
m m
k p
k
n
k k k
p
e p
p



 

  

  . 
                
1
lim (1) lim log log ( )
n n
R e n n n
n
 
 
   
                  
1
1 1
lim( log log ) lim (2)
1
k
kk
m m
k p
k
n n
k k k
p
e p R
p


 
 

  

  . 
Thus,  
1
lim log log ( ) 0
n
e n n n
n
 

  , namely  lim log log ( )
n
e n n n 

    . 
   (2) According to lim ( ) 0m
m
n

 , 
1 ≥ 2 ≥ ≥ m ≥1, there exist positive 
integers 1 2, , , ( )sK K K s m , such that ( 1,2, , )iK iK i s   ( if not, then 
{1,2, , }j m  , j j  , thus ( ) 1m n  , lim ( ) 1m
m
n

 , but lim ( ) 0m
m
n

 , 
which is contradictory ).  
Let 0 1 2min{ , , , }sK K K K , then 0K ≥ 1 . When 0 1K  , then 
0lim
m
K
m
 
1
lim 0
m m
  . If 0 2K   we need to prove that 
0lim 0
m
K
m
 .  
If 0lim 0
m
K
b
m
  , then 0 mK bm r   (with lim 0m
m
r

 ). Since  
1
k
m
k
k
n p



1 ( )
1
m nm
k
k
p


 
  
 
 ≥
0 0
0 0
0
1
1 1 1 1
( ) ( )
K Km m
K K
k k k k
k k K k k
p p p p

    
    . 
Namely  
1 ( )
1
m nm
k
k
p


 
 
 
 ≥
0
0 1
1 1
( )
K m
K
k k
k k
p p

 
  , thus 
( )
1
m nm
k
k
p


 
 
 
 ≥
0
0 1
1
K
K
k
k
p


 .  
Taking logarithm on both sides  
           
1
( ) ( ) ( ) log
m
m m m k
k
n p n p  

  ≥
0
00 0
1
( 1) log ( 1) ( )
K
k K
k
K p K p

   . 
By (2.2) in Lemma 2.2, when 
0
10544111Kp  , 
0.0066788
( ) (1 )
log
m m
m
n p
p
   ( ) ( )m mn p  ≥ 00( 1) ( )KK p  
0.0066788
( 1) (1 )
logm
m
m bm r
bm r
bm r p
p


    .         (3.14) 
According to Lemma 2.5 and (3.14),  
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log log 0.0066788
( ) {log log log 1 } (1 )
log log
m
m
m
n m m m O
m p

  
      
  
 
( 1)( ){log( ) (log log( ) 1)m m m mbm r bm r bm r bm r        
log log( ) 0.0066788
( )}(1 )
log( ) log
m
m
m bm r
bm r
O
bm r p 

 

. 
Dividing both sides by logm m , 
 
2
log log 1 log log 0.0066788
( ) {1 } (1 )
log (log ) log
m
m
m m
n O
m m p

  
     
  
 
1
( )( ){log( ) (log log( ) 1)
log log
m m
m m
r rm
b b bm r bm r
m m m

       
log log( ) 0.0066788
}(1 )
log( ) log
m
m
m bm r
bm r
O
bm r p 
 
  
 
. 
But  
 
2
log log 1 log log 0.0066788
lim ( ) {1 } (1 )
log (log ) log
m
m
m
m m
n O
m m p


  
    
  
 
            lim ( ) 0m
m
n

  . 
 
1
lim( )( ){log( ) (log log( ) 1)
log log
m m
m m
m
r rm
b b bm r bm r
m m m

       
log log( ) 0.0066788
( )}(1 )
log( ) log
m
m
m bm r
bm r
O
bm r p 

 

 
≥ 2
1
lim( )( ) 0
log log
m m
m
r rm
b b b
m m m

    . 
Hence  
2
2
log log 1 log log 0.0066788
lim ( ) {1 } (1 ) 0 0
log (log ) log
m
m
m
m m
n O b
m m p


  
       
  
. 
It is contradictory. Thus, we prove that 0lim 0
m
K
m
 .  
    Proof of inference 2 since 1 21 m      , ( ) 0m n  , lim ( ) 0m
n
n

 , 
0 1A K  .  According to Theorem 4, the conclusion is correct.  
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4 Proof of lemmas 
4.1 Proof of Lemma 2.1 
 Simple calculation shows 
k
f
q



1
  ,1
1 1
log
k h
k
h h
k h
h k h m
m m
h h
h h
q q
e
q q
 

 
 
  
 
 
 
 

 
1
1 1
2
  ,1
1
1 1 ( 1)
k
h k k
h k k
m
h kq q q
h k h m h k k
q q
q q q
  


  
   
  
   
 
  
1
log h
k
m
k h
h
e
q q





 
 
 

 
1
1 2
  ,1
1 1
1
1 ( 1)
h
h
k k k
m
h q k k
h k h m h k k k k
q
q q q q q

  
 

  
  
    
  
 . 
In the following we firstly prove  
1
1
1 0
k k k
k k
k k kq q q
  
 

    , 
namely 
1
( 1) 0kk k k kq q
     . 
Let  
1
( ) ( 1) kk k k k kg q q q
     . 
Then  
( ) ( 1)(1 )kk k kg q q
    . 
Since k ≥ 1 and kq ≥ 2 , we have ( ) 0kg q   and ( )kg q  is a monotone 
decreasing function of kq . Therefore 
( )kg q ≤
1
(2) 2 2 kkg
    . 
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Let  
1
( ) 2 2 kk kt
     . 
Then 1( ) 1 2 log 2kkt
    . By k ≥ 1 , we have ( ) 0kt   , and ( )kt  ≤
1 1(1) 1 2 2 0t     . In summary, ( ) 0kg q  . Hence 0( 1,2, , )
k
f
k m
q

 

. Thus 
1 2( , , , )mf q q q  has no extreme points in  
 1 2:  ( , , , ) 2mD q q q ≤ 1 2 ,  ,  1,2, ,m hq q q q P h m     , 
and the minimum of 1 2( , , , )mf q q q  can be found at the boundary D . Since 
0
k
f
q



( 1,2, , )k m . Therefore 1( , , )mf q q   is monotone-increasing with 
respect to any kq . Furthermore  1 2 mq q q   , thus 1 2( , , , )mf q q q  has its 
minimum at the boundary point  
( 1 2, , , mq q q ) (2,3,5, , )mp , 
 namely 
1 2
1 2
( , , , )
min ( , , , )
m
m
q q q D
f q q q

(2,3,5, , )mf p 1 2( , , , )mf p p p .  
4.2 Proof of lemma 2.3 
 
If lim ( ) 0m
m
n

 , then lim ( )m
m
n

   or lim ( )m
m
n

  . When 
lim ( )m
m
n

  , obviously there exists constant 0a  , such that lim ( ) 2 0m
m
n a

  . 
Let  
1
1 1
( ) log log 1( 1,2, , )k
s s
s s k k
k k
n p p s m
 

 
  
     
  
  . 
In the case of lim ( )m
m
n

  , we prove 1 ≥ 2 ≥ ≥ k ≥ ≥ m ≥0 .  
Since 1 ≥ 2 ≥ ≥ m ≥1, 1 2, , , m    , for :k 1≤ k m ,  
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1
1 1
k
i
k k
i i
i i
p p



 
 
  
 
  , 
111 1
1 1
k
i
k k
i i
i i
p p


 
 
 
  
 
  . 
Then 
1 1
1
1
1 1
1 1 1
k
k i k i
k k k
i k i k i
i i i
p p p p p

    


 
  
   
    
   
    
1 1
1
1 1
1
1
1
1 1
k k
k
k k
i i k
i i
p p p
 

 

 



 
   
    
   
  , 
namely 
                  
1
1 1
1 1
1
1 1
1 1
k k
k k
k k
i k i k
i i
p p p p
 
 

 
 

 
 
   
   
   
  .              (4.1) 
On the other hand 
                        1 ≥ 2 ≥ ≥ k ≥ 1k  . 
Hence 
               
111 1
1 1
k
i
k k
i i
i i
p p


 
 
 
 
 
  ≥
1
1
1 1
1 1
k
k
k k
i i
i i
p p




 
 
 
  
 
  . 
Thus 11 k  ≥ 1k  , according to (4.1), 
1
1 1
1 1
1
1 1
1 1
k k
k k
k k
i k i k
i i
p p p p
 
 

 
 

 
 
   
   
   
  ≤ 1
1
1
1
1
k
k
k
i k
i
p p

 




 
 
 
 . 
Therefore, k ≥ 1k  , thus 1 ≥ 2 ≥ ≥ k ≥ ≥ m .  
Since  
1 ≥ 2 ≥ ≥ m ≥1, 
1
1 1
k
i
k k
i i
i i
p p



 
 
 
 
  , 1≤ k ≤m . 
Then 1 ≥ 2 ≥ ≥ k ≥ ≥ m ≥0 , by lim 0m
m


 , according to  the Cauchy 
convergence criterion, there exists constant 0a  , such that lim 2 0m
m
a

  . 
Lemma 2.5 is proved.  
Note 3  for any given 
1 ( )
1 1
m
i
n
m m
i i
i i
n p p



 
 
   
 
  ( 1 ≥ 2 ≥ ≥ m ≥1), we 
always have 1 ≥ 2 ≥ ≥ k ≥ ≥ m  and ( ) [0, )m n   . For example, let 
( 1)!
1
m
m k
k
k
n p  

 , then 
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1 2
!log 2 !log 2 ( 1)!log3
1 1
log 2 log 2 log3
m m m
 
 
    

 
3
!log 2 ( 1)!log3 ( 2)!log5
1
log 2 log3 log5
m m m

   
  
 
 
1 1
4
1
( 1 )!log
!log
1 ( )
log
log
m
k
k
m m
m
k
k
m k p
m p
m
m p
p
  

 
        


. 
When 
1 ( )
1 1
m
m m
n
k k
k k
n p p

 
   , then 1 2 0m      . 
4.3 Proof of Lemma 2.4 
Proposition 4.1 If 1
5
0    and  c  is a positive constant, then  
3
  
5loglim (log ) 0c x
x
x O e



 
 
 
, 
where 
3
  
5logc xO e

 
 
 
is defined as: there exist positive constants A  and B , for any 
 x B ,  such that 
3
  
5logc xO e

 
 
 
≤
3
  
5logc xAe

 . 
Proof   According to the definition of 
3
  
5logc xO e

 
 
 
, there exists positive 
constants  A , B  and for all  x B ,  such that 
3
  
5logc xAe

 ≤
3
  
5logc xO e

 
 
 
≤
3
  
5logc xAe

 . 
According to L’ Hospital’s rule 
3
  
5
3
  
5
log
log
log
lim (log ) limc x
x x
c x
A x
x Ae
e





 

3
  
5
2
  
5
log3
5
log
lim
( )
x
c x
A x
c e








. 
Let log x  : 
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3
  
5
2
  
5
log3
5
log
lim
( )
x
c x
A x
c e







3
  
5
2
  
5
3
5
lim
( ) c
A
c e











. 
Applying L’ Hospital’s rule gets 
3
  
5
3
  
5
2
  
5
log
3
5
lim (log ) lim
( )
c x
x
c
A
x Ae
c e











 


3
  
5
1
2
2 5
5
2 23
5
(   )
lim
( ) c
A
c e




 







. 
If  1
5
2  ≤0 ,  then 3
  
5
1
2
2 5
5
2 23
5
(   )
lim 0
( ) c
A
c e




 







.  
If  1
5
2 0   ,  since 1
5
0    , 4
5
3 0   , applying L’ Hospital’s rule again 
gets 
3 3
    
5 5
1 4
2 3
2 2 15 5
5 5 5
2 2 3 33 3
5 5
(   ) (   )(2 )
lim lim 0
( ) ( )c c
A A
c e c e
 
 
 
 
    
 
 
 
 
  
 
 
. 
Similarly 
3
  
5loglim (log )( ) 0c x
x
x Ae



  . According to the squeeze theorem 
3
  
5loglim (log ) 0c x
x
x O e



 
 
 
. 
The proposition is proved.  
The following result is well known to us: 
Proposition 4.2([10])  
    
3
  
5log
1
1 1
1 1     (
log
m
c x
k k
O e x
p e x





     
      
     
 ≥ 2) . 
Here    is Euler’s constant, c  is a constant greater than 0 , and   is a positive 
number that can be arbitrarily small. 
To prove Lemma 2.4, the following proposition is required. 
Proposition 4.3 For any ,m  k ≥1( 1,2, , )k m , such that 
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1
1 1
k
k
m
k p
k k
p
p




 ≤
3
  
5
1
log
log 1 m
c p
me p O e





   
  
   
,             (4.2) 
where c  is a constant greater than 0  and   is a positive that can be arbitrarily 
small. 
Proof Since ,m  k ≥1( 1,2, , )k m , 
1
1 11 1
k
k
m m
k p k
k kk k
p p
p p

 


 
 
1
1
1
1
m
k kp


   
   
   
 . 
According to proposition 4.2, 
3
  
5
11
log
1
1 1
1 1
log
m
m
c p
k k m
O e
p e p






          
                    
  
                                                                       
 
3
  
5
1
log
log 1 m
c p
me p O e





   
   
   
. 
Thus, (4.2) is true.  
Proposition 4.4[11]    For any k ≥1, 
11
log logk
k
m m
k k
kk
p p
 

 ≥ log
mp p
p

  
( )
log
m
m m
m
p
p p O
p

 
    
 
. 
Proof From [8, 12], 
1 3
(1 ) ( ) (1 )
log 2log log 2log
x x
x
x x x x
    , 
where ( )x  be the number of primes not exceeding x . Hence 
( ) log
log
x
x x x O
x

 
   
 
. 
On the other hand 
2
( )
( ) 1
log (log )
x x
x O
x x


 
   
 
. 
Thus 
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( )x x  
log
x
O
x
 
 
 
. 
The proposition is proved for mx p .  
Proof of lemma 2.4 According to (4.2),  
1
1 1
k
k
m
k p
k k
p
p




 ≤  
3
  
5
1
log
log 1 m
c p
me p O e





   
  
   
. 
According to Proposition 4.4， 
( )m mp p  
log
m
m
p
O
p
 
 
 
. 
1
1 1
lim log log
1
k
k
m m
k p
k
m
k k k
p
e p
p



 
 
 
 
 
   
 
1
1
lim log ( )
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Since   is an arbitrarily small number, according to Proposition 4.1,  
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(2.3) holds, and the Lemma is proved.  
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